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ﬁnite uniton number; we also prove that any harmonic 2-torus in a compact Riemannian
symmetric space which can be obtained via the twistor construction is of ﬁnite type if
and only it is constant; in particular, we conclude that any harmonic 2-torus in CPn or Sn
which is simultaneously of ﬁnite type and of ﬁnite uniton number must be constant.
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1. Introduction
It is well known [21] that harmonic maps of C into a compact Riemannian symmetric space G/K correspond to certain
holomorphic maps, the extended solutions, into the based loop group ΩG . Extended solutions are solutions to a zero-
curvature equation and has been used to distinguish two fundamental classes of harmonic maps: when the Fourier series
associated to an extended solution has ﬁnitely many terms, the corresponding harmonic map is said to have ﬁnite uni-
ton number; harmonic maps of ﬁnite type correspond to extended solutions which can be obtained by integrating a pair of
commuting Hamiltonian vector ﬁelds on certain ﬁnite-dimensional subspaces of loop algebras (cf. [5,7]).
All harmonic 2-spheres in a compact Lie group have ﬁnite uniton number. Again, harmonic maps obtained via the
twistor construction have ﬁnite uniton number. The twistor theoretic construction of harmonic maps accounts for all isotropic
harmonic maps from a Riemann surface into a sphere or a complex projective space. In particular, all harmonic 2-spheres in
Sn or CPn arise in this way [8,10,11,14]. A general treatment of twistor spaces and twistor projections giving harmonic maps
out of certain holomorphic lifts is given in [8]. From the point of view of loop groups, the harmonic maps produced via
the twistor construction are characterized by the property that the corresponding extended solutions are ﬁxed (pointwise)
by a certain action of S1 on ΩG (cf. [6]). However, in general the twistor construction does not produce all harmonic 2-
spheres in a compact Riemannian symmetric space G/K . Even in the case of the quaternionic projective space HPn there
exist harmonic maps which do not arise via the twistor projection construction (see [1]).
It was shown in [5] that any non-conformal doubly periodic harmonic map of C into a compact rank one symmetric
space is of ﬁnite type. Burstall [4] generalized the notion of harmonic map of ﬁnite type to the case where the target man-
ifold is a naturally reductive homogeneous space admitting a k-symmetric structure and proved that any weakly-conformal
non-isotropic harmonic map φ of a 2-torus into Sn or CPn can be lifted to a primitive harmonic map of ﬁnite type into
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R. Pacheco / Differential Geometry and its Applications 27 (2009) 352–361 353a certain k-symmetric space. After that, Ohnita and Udagawa [18] showed that any harmonic map from C to a compact
Riemannian symmetric space which can be lifted to a primitive harmonic map of ﬁnite type is itself of ﬁnite type (see also
[16]), and concluded that any harmonic 2-torus into Sn or CPn is of ﬁnite type or of ﬁnite uniton number. Thus one can
ask if this remains true for any other compact rank one symmetric space. In this paper we settle negatively this conjecture
in the quaternionic projective space case; we also prove that any harmonic 2-torus in a compact Riemannian symmetric
space which can be obtained via the twistor construction is of ﬁnite type if and only if it is constant; in particular, we
conclude that any harmonic 2-torus in CPn or Sn which is simultaneously of ﬁnite type and of ﬁnite uniton number must
be constant.
2. Harmonic maps and loop groups
2.1. Extended solutions
Let G be a compact (connected) semisimple matrix Lie group, with identity e and Lie algebra g. Equip G with a bi-
invariant metric. Let GC be the complexiﬁcation of G , with Lie algebra gC (thus gC = g⊗C). Consider the based loop group
ΩG = {γ : S1 → G (smooth) | γ (1) = e} and the corresponding inﬁnite-dimensional Lie algebra Ωg = {γ : S1 → g (smooth) |
γ (1) = 0}. A smooth map Φ : C → ΩG is called an extended solution if it satisﬁes Φ−1dΦ = (1−λ−1)α′ + (1−λ)α′′ for each
λ ∈ S1, where α′ is a gC-valued (1,0)-form on C with complex conjugate α′′ . Observe that, for each z ∈ C, λ → Φ(z)(λ) is
holomorphic on C∗ . It is well known (cf. [21]) that if Φ : C → ΩG is an extended solution, then the map φ : C → G deﬁned
by φ(z) = Φ(z)(−1) is harmonic. Reciprocally, if φ : C → G is harmonic, then there exists an extended solution Φ : C → ΩG
such that φ(z) = Φ(z)(−1), for all z ∈ C. This is unique up to multiplication on the left by an element γ ∈ ΩG such that
γ (−1) = e.
2.2. Extended framings
Let G/K be a symmetric space with automorphism τ , base point x0 = eK , and symmetric decomposition g = k ⊕ m.
Deﬁne a map ι : G/K → G by ι(g · x0) = τ (g)g−1. It is well known that ι is a totally geodesic embedding, the Cartan
embedding of G/K into G , so that if ϕ : C → G/K is harmonic then ι ◦ ϕ : C → G is also and we can associate to ϕ an
extended solution Φ : C → ΩG such that ϕ(z) = ι−1(Φ(z)(−1)). Next we recall brieﬂy another well-known approach to
harmonic maps into symmetric spaces via loop groups (cf. [7]).
Let φ : C → G/K be a smooth map and take a lift ψ : C → G of φ, that is, we have φ = π ◦ ψ where π : G → G/K is
the coset projection. Corresponding to the symmetric decomposition g = k ⊕ m there is a decomposition of α = ψ−1dψ ,
α = αk +αm . Let αm = α′m +α′′m be the type decomposition of αm into (1,0)-form and (0,1)-form of C. Consider the loop
of 1-forms αλ = λ−1α′m + αk + λα′′m . We may view αλ as a Λτ g-valued 1-form, where
Λτ g =
{
ξ : S1 → g (smooth) | τ (ξ(λ))= ξ(−λ) for all λ ∈ S1}. (1)
It is well known that φ is harmonic if, and only if, d + αλ is a loop of ﬂat connections on the trivial bundle Cn = C × Cn .
Hence, if φ is harmonic, we can deﬁne a smooth map Ψ : C → Λτ G , where Λτ G is the inﬁnite-dimensional Lie group
corresponding to the loop Lie algebra (1),
Λτ G =
{
γ : S1 → G (smooth) | τ (γ (λ))= γ (−λ) for all λ ∈ S1},
such that Ψ −1dΨ = αλ . The smooth map Ψ is called an extended framing (associated to φ). Our harmonic map is recovered
from Ψ via φ = π ◦ Ψ1 (here we are using the notation Ψ1(z) = Ψ (z)(1)).
2.3. Holomorphic potentials
In [13] the authors introduced a systematic procedure of obtaining harmonic maps into a symmetric space from certain
holomorphic 1-forms. Next we recall brieﬂy this construction.
2.3.1. Holomorphic potentials and extended framings
Consider the subspace Λ−1,∞ = {ξ ∈ ΛgC | λξ extends holomorphically to |λ| < 1}.
Deﬁnition 1. A holomorphic 1-form μ on C with values in Λ−1,∞ is called a holomorphic potential. The space of all holomor-
phic potentials is denoted by P . If μ ∈ P takes values in Λτ−1,∞ = Λτ gC ∩Λ−1,∞ , we say that μ is a τ -twisted holomorphic
potential. The space of all τ -twisted holomorphic potentials is denoted by Pτ . Thus μ = ∑k−1 λkμk ∈ Pτ if μeven is a
kC-valued 1-form and μodd is a mC-valued 1-form.
Fix an Iwasawa decomposition of the reductive group KC: KC = K B where B is a solvable Lie subgroup. Set Λ+B,τ GC =
{γ ∈ Λτ GC | γ extends holomorphically to |λ| < 1, γ (0) ∈ B}. The multiplication
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is a diffeomorphism onto. So, suppose that μ is a τ -twisted holomorphic potential. Since μ is holomorphic, its (0,1)-part
vanishes; then μ = ξ dz for some holomorphic function ξ : C → gC and it satisﬁes the Maurer–Cartan equation dμ+ 12 [μ∧
μ] = 0, that is, dμ = d + μ is a ﬂat connection. Hence, we can integrate to obtain a unique map Υμ : C → Λτ GC such that
Υ −1μ dΥμ = μ and Υμ(0) = e. If we factorize Υμ pointwise according to (2), we obtain a map Ψμ : C → Λτ G such that
Υμ = Ψμb, with b : C → Λ+B,τ GC . This map Ψμ : C → Λτ G is an extended framing and the τ -twisted holomorphic potential
μ gives rise to a harmonic map φμ : C → G/K with φμ(z) = Ψμ(z)(1) · x0 and φμ(0) = x0. Reciprocally, any harmonic map
from C to G/K can be obtained in this way, up to left multiplication by a constant, from a τ -twisted holomorphic potential.
2.3.2. Holomorphic potentials and extended solutions
The arguments used in [13] can be straightforwardly adapted to justify the following construction of extended solutions
out of holomorphic potentials:
Consider the loop group Λ+GC = {γ ∈ ΛGC | γ extends holomorphically to |λ| < 1}, where ΛGC = {γ : S1 → GC |
γ is smooth}. We know that multiplication
ΩG × Λ+G → ΛGC (3)
is a diffeomorphism (cf. [19]). In particular, any γ ∈ ΛGC may by written uniquely in the form γ = γuγ+ , where γu ∈ ΩG
and γ+ ∈ Λ+GC . So, let μ be a holomorphic potential. Then μ = ξ dz for some holomorphic function ξ =∑k−1 λkξk : C →
Λ−1,∞ . We can integrate to obtain a unique map Υμ : C → ΛGC such that Υ −1μ dΥμ = μ and Υμ(0) = e. If we factorize
Υμ according to (3), we obtain a map Φμ : C → ΩG such that Υμ = Φμb, with b : C → Λ+G . We also have Φμ(0) = e and
b(0) = e. It can be proven that Φ−1μ dΦμ = (1− λ−1)α′ + (1− λ)α′′ with
α′ = −Adb0(μ−1) = −Adb0(ξ−1)dz, (4)
and α′′ its conjugate, where b0 = b|λ=0 : C → B . Hence, Φμ : C → ΩG is a extended solution and the holomorphic po-
tential μ gives rise to a harmonic map φμ : C → G with φμ(z) = Φμ(z)(−1) and φμ(0) = Φμ(0)(−1) = e. Reciprocally,
any harmonic map from C to G can be obtained in this way, up to left multiplication by a constant, from a holomorphic
potential.
As in [12], for our conveniences we enlarge this class of potentials. Denote by Pˆ the space of all 1-forms on C satisfying
the following conditions: a) μ takes values in Λ−1,∞; b) dμ = d+μ is a ﬂat connection; c) the (0,1)-part of μ takes values
in Λ+gC , the Lie algebra of Λ+GC . Again we can integrate and apply the Iwasawa decomposition to obtain an extended
solution Φμ : C → ΩG from a potential μ ∈ Pˆ .
2.3.3. Extended framings vs. extended solutions
Fix a twisted potential μ ∈ Pτ and integrate to obtain Υμ : C → ΛGC . This map has a unique factorization Υμ = Φb,
with Φ : C → ΩG an extended solution and b : C → Λ+GC . The corresponding harmonic map into G is given by φ = Φ−1
(again, we are using the notation Φλ(z) = Φ(z)(λ)). On the other hand, we can view Υμ as a map from C to Λτ GC
and use the decomposition of (2) to write Υμ = Ψ b˜, where Ψ : C → Λτ G is an extended framing and b˜ : C → Λ+B,τ GC .
The corresponding harmonic map into the symmetric space G/K is given by φ˜ = π ◦ Ψ1. Let ι : G/K → G be the Cartan
embedding. It happens that φ has values in ι(G/K ) and φ = ι ◦ φ˜. In fact: we have ι ◦ π ◦ Ψ1 = τ (Ψ1)Ψ −11 = Ψ−1Ψ −11 ;
however, by the uniqueness of the decomposition Υμ = Φb, we have Φ = Ψ−11 and b = Ψ1b˜, so that ι◦π ◦Ψ1 = Ψ−1Ψ −11 =
Φ−1; hence Φ and Ψ produce the same harmonic map into G/K .
2.4. Adding a uniton
A well-known operation for generating new extended solutions from a given one was introduced by Uhlenbeck [21] and
is called adding a uniton:
Theorem 1. (See [21].) Let Φ : C → ΩU (n) be an extended solution, φ : C → U (n) the corresponding harmonic map. Write
α = 12φ−1dφ = Az dz + Az¯ dz¯. Let ˆ be a subbundle of Cn with Hermitian projection πˆ : Cn → ˆ satisfying the uniton conditions:
a) πˆ⊥Azπˆ = 0; b) πˆ⊥(∂¯πˆ + Az¯πˆ ) = 0. Then Φ˜ : C → ΩU (n) given by Φ˜λ = Φλ(πˆ + λπˆ⊥) is an extended solution.
Let Gk(Cn) be the complex Grassmannian of k-planes in Cn . The unitary group U (n) acts transitively on Gk(Cn) with
stabilizers conjugate to U (k) × U (n − k). Fix a complex k-plane V0 ∈ Gk(Cn) with stabilizer K and let π0 be the Hermitian
projection onto V0. Let τ be the involution of U (n) given by conjugation by Q 0 = π0 − π0⊥ . The identity component
of the ﬁxed set of τ is K so that Gk(Cn) is a symmetric space with involution τ . The corresponding Cartan embedding
ιk : Gk(Cn) → U (n) is given by ιk(V ) = Q 0(πV −πV ⊥), where πV denotes the Hermitian projection onto the k-plane V .
The following theorem describes how to add a uniton to a harmonic map into a Grassmannian:
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Let ˆ be a subbundle of Cn, with Hermitian projection πˆ : Cn → ˆ, satisfying the uniton conditions, and such that [φ, πˆ ] = 0. Then
Φ˜ : C → ΩU (n) given by Φ˜λ = Φλ(πˆ +λπˆ⊥) is an extended solution associated to a harmonic map ψ˜ into a Grassmannian Gk˜(Cn):
Φ˜−1 = ιk˜ ◦ ψ˜ .
Next we recall from [12] how the operation of adding a uniton arises via gauge transformations on the holomorphic
potential:
Let  be a holomorphic subbundle of (Cn, ∂¯), with Hermitian projection π . Fix a holomorphic potential μ ∈ P . Suppose
that π⊥μ−1π = 0 and consider the smooth map γ : C → ΩG deﬁned by γ = π + λ−1π⊥ . Consider the gauge transforma-
tion μ → γ ·μ = Adγ (μ) − dγγ−1 ∈ Pˆ (see [12,13]).
Theorem 3. (See [12].) The extended solution Φγ·μ is obtained from Φμ by adding a uniton. More precisely: consider the Iwasawa
decomposition of Υμ , Υμ = Φμb, and the subbundle ˆ = b0, b0(z) = b(z)(0), with Hermitian projection πˆ : Cn → ˆ; then ˆ satisﬁes
the uniton conditions of Theorem 1 and Φγ·μ = (πˆ0 + λ−1πˆ⊥0 )Φμ(πˆ + λπˆ⊥), where πˆ0 is the Hermitian projection onto the ﬁbre
of ˆ at z = 0.
Reciprocally, any uniton can be added via the action of some loop of the form γ = π + λ−1π⊥ on the holomorphic
potential μ:
Theorem 4. (See [12].) Suppose that the subbundle ˆwith Hermitian projection πˆ : Cn → ˆ satisﬁes the uniton conditions with respect
to Φμ . Set  = b−10 ˆ. Then: a)  is holomorphic with respect to the trivial holomorphic structure ∂¯; b) π⊥μ−1π = 0 and c) we have
Φγ·μ = (πˆ0 + λ−1πˆ⊥0 )Φμ(πˆ + λπˆ⊥).
3. Harmonic maps into Grassmannians and subbundles
Let N = G/K be a symmetric space with involution τ . Denote by g and k the Lie algebras of G and K , respectively, and
consider the corresponding symmetric decomposition g = k ⊕ m into ±1-eigenspaces of the derivation of τ . Recall that, for
each x= g · x0, the surjective map g → TxN given by ξ → ddt |t=0 exp tξ · x has the Lie algebra Adg k as kernel and so restricts
to an isomorphism Adg m → TxN . The inverse map βx : TxN → Adg m deﬁnes a g-valued 1-form β on N , the Maurer–Cartan
form of N = G/K . We denote by [m] the subbundle of the trivial bundle g = N × g deﬁned by [m]g·x0 = Adg(m). If N is
actually the (matrix) group manifold G , acting on itself by right translations, then β is just the (left) Maurer–Cartan form θ
of G . Moreover:
Lemma 1. (See [8].) If ψ : C → G/K is a smooth map and ι is the Cartan embedding of G/K into G, then, with φ = ι ◦ ψ we have
(φ−1dφ =)φ∗θ = −2ψ∗β .
Consider now the case of the Grassmannian Gk(Cn). Denote by u(n) the Lie algebra of U (n) and take V0 ∈ Gk(Cn)
as base point. The associated symmetric decomposition u(n) = k ⊕ m is given by kC = Hom(V0, V0) ⊕ Hom(V0⊥, V0⊥)
and mC = Hom(V0, V0⊥) ⊕ Hom(V0⊥, V0). Let T → Gk(Cn) be the tautological subbundle of Gk(Cn) × Cn whose ﬁbre at
V ∈ Gk(Cn) is V itself. With respect to the usual Hermitian structure of Gk(Cn), the Maurer–Cartan form of Gk(Cn) restricted
to the bundle of (1,0)-vectors gives an isomorphism β(1,0) : T (1,0)Gk(Cn) → Hom(T , T⊥).
Following [1,2,9,22], we identify a smooth map ψ : C → Gk(Cn) with the smooth complex subbundle of the trivial
bundle Cn given by setting the ﬁbre at z equal to ψ(z) for all z ∈ C. Conversely any rank k subbundle of Cn induces a map
C → Gk(Cn). Denote the Hermitian projection onto a vector subbundle ψ by πψ and, for a pair of orthogonal subbundles ψ
and φ, deﬁne vector bundle morphisms, A′ψφ, A′′ψφ : ψ → φ called the ∂- and ∂¯-second fundamental forms of ψ in ψ ⊕ φ by
A′ψφ(v) = πφ(∂v) and A′′ψφ(v) = πφ(∂¯v), respectively, for any smooth section v of ψ . Note that A′ψφ is minus the adjoint of
A′′φψ . The second fundamental forms of ψ in Cn , A′ψ = A′ψψ⊥ and A′′ψ = A′′ψψ⊥ , represent, via β(1,0) , the (1,0)-components
of the partial derivatives ∂ψ and ∂¯ψ :
ψ∗β
(
∂
∂z
)
= ψ∗β(1,0)
(
∂
∂z
)
+ ψ∗β(0,1)
(
∂
∂z
)
= A′ψ + A′ψ⊥ . (5)
Comparing Lemma 1 with (5) we obtain the following formula to the derivative of φ = ι ◦ ψ in terms of the second
fundamental forms of ψ :
1
2
φ−1∂φ = −(A′ψ + A′ψ⊥). (6)
In this setting, the harmonicity equations can be reformulated as follows (cf. [9]): we give each subbundle of Cn the
connection induced from the trivial connection of Cn and corresponding Koszul–Malgrange holomorphic structure; a smooth
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Now, given two holomorphic bundles E , F over a Riemann surface and a holomorphic bundle morphism A : E → F , there
are unique holomorphic subbundles Ker A and Im A of E and F , respectively, that coincide with Ker A and Im A almost
everywhere. Thus we can deﬁne the ∂- and ∂¯-Gauss bundles of a harmonic map ψ : C → Gk(Cn) by G(1)(ψ) = Im A′ψ and
G(−1)(ψ) = Im A′′ψ , respectively. These bundles also represent harmonic maps (cf. [9]). Iterating this construction we set
G(0)(ψ) = ψ , and for i = 1,2, . . . , G(i)(ψ) = G ′(G(i−1)(ψ)), G(−i)(ψ) = G ′′(G−(i−1)(ψ)). The bundle G(i)(ψ) is called the
ith-Gauss bundle of ψ . The harmonic map ψ is said to be ∂-irreducible (resp. ∂¯-irreducible) if rankψ = rankG(1)(ψ) (resp.
rankψ = rankG(−1)(ψ)) and ∂-reducible (resp. ∂¯-reducible) otherwise. Following [1] and [2], by the ∂-return map of ψ of
order r, with r  1, we mean the map c′r(ψ) = A′G(r)(ψ),ψ ◦ A′G(r−1)(ψ) ◦ · · · ◦ A′G(1)(ψ) ◦ A′ψ . If c′r(ψ) is non-zero for some r, the
least such r is called the isotropy order of ψ and for this value of r, c′r(ψ) is called the ﬁrst ∂-return map of ψ . If c′r(ψ) is zero
for all r, we say that ψ is (strongly) isotropic. Since c′r(ψ) is holomorphic, we can also deﬁne the image of the ﬁrst ∂-return
map Im c′r(ψ).
In this setting the procedure of adding a uniton can be described as follows (cf. [9,22]): let ψ : C → Gk(Cn) be a harmonic
map, α and β subbundles of ψ and ψ⊥ respectively which satisfy the ∂-replacement conditions:⎧⎨
⎩
α is a holomorphic subbundle of ψ
β is a holomorphic subbundle of ψ⊥
A′ψ(α) ⊂ β and A′ψ⊥(β) ⊂ α.
(7)
Then the subbundle γ = α ⊕ β satisﬁes the uniton conditions of Theorem 1 with respect to ψ . The harmonic map ψ˜
obtained by adding the uniton γ to ψ is given by ψ˜ = (ψ  α) ⊕ β (given a subspace V of W , we denote by W  V the
orthogonal complement of V in W ). For example: the ∂-Gauss bundle G(1)(ψ) of a harmonic map ψ is obtained by adding
γ = ψ ⊕ G(1)(ψ) to ψ ; the harmonic map G(−1)(ψ) can be obtained by adding the uniton associated to  = ker A′
ψ⊥ to ψ .
Remark 1. All the constructions in this section admit a corresponding global construction with respect to an arbitrary
Riemann surface M . In fact, we can get a global section A′ψφ of the bundle T ∗(1,0)M ⊗ ψ∗ ⊗ φ over M by setting A′ψφ =
dz ⊗ A′ψφ . Clearly A′ψφ is holomorphic if and only if A′ψφ is.
4. Unitons preserving ﬁnite type
Deﬁnition 2. (See [7].) A harmonic map φ : C → G is of ﬁnite type if it can be obtained from an extended solution Φμ : C →
ΩG whose holomorphic potential μ = ξ dz is constant of the form ξ = λd−1η, for some odd d ∈ N, with η ∈ Ωdg = {η ∈
Ωg | η =∑|k|d ηkλk}.
It is clear that:
Theorem 5. Fix a harmonic map φμ : C → G of ﬁnite type, with μ = λd−1ηdz and η ∈ Ωdg. Fix a constant subspace of Cn and let
π0 : Cn → 0 be the corresponding Hermitian projection. If π⊥0 η−dπ0 = 0, then φγl0 ·μ is also of ﬁnite type.
A concrete example of unitons preserving ﬁnite type is given by the following theorem:
Theorem 6. (See [12].) If ψ : C → Gk(Cn) is of ﬁnite type, then, for each integer r, G(r)(ψ) is of ﬁnite type.
We shall now give another example that will be useful for us: suppose we have an ∂- and ∂¯-irreducible harmonic map
ψ : C → G2(C6) of isotropy order r = 2 such that the ﬁrst ∂-return map c′2(ψ) is nilpotent and rank Im c′2(ψ) = 1. Moreover,
suppose that rankG(2)(ψ) = 1. Then, associated to ψ we have the following diagram:
where α is the image of the ﬁrst ∂-return map of ψ , β = ψ  α (the orthogonal complement of α in ψ ), α+ = Im(A′ψ |α),
α− = Im A′ (1) , β+ = G(1)(ψ)  α+ and β− = G(−1)(ψ)  α− .G (ψ)
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bundles, then each second fundamental form A′
ψ i ,ψ j
will be represented by an arrow from ψ i to ψ j ; with no arrow shown
when A′
ψ i ,ψ j
is known to vanish.
Lemma 2. If ψ = α ⊕ β is harmonic of ﬁnite type, then φ = α+ ⊕ β is also harmonic of ﬁnite type.
Proof. By Theorem 6, ϕ = G(−1)(ψ) is of ﬁnite type. Note that γ = α− ⊕ α satisﬁes the ∂-replacement conditions with
respect to ϕ , hence φ− = β− ⊕ α is harmonic. Fix ϕ(0) as base point of G2(C6), let K be the isotropy subgroup of U (6)
associated to ϕ(0) and τ the corresponding automorphism. Let μ = ξ dz ∈ Pτ be a constant τ -twisted holomorphic potential
of the form ξ = λd−1η, for some odd d ∈ N, with η =∑|k|d ηkλk ∈ Ωdg, associated to ϕ . Since d is odd and η is twisted,
we have η−d ∈ mC . According to the decomposition of mC into (1,0)-vectors and (0,1)-vectors, mC = m+ ⊕m− , with m+ =
Hom(ϕ(0),ϕ(0)⊥) and m− = Hom(ϕ(0)⊥,ϕ(0)), write η−d = η+−d +η−−d . Fix the vector subspace 0 = Imη−−d ⊕ Imη+−d ◦η−−d ,
and let π0 be the Hermitian projection onto 0. Clearly we have π⊥0 μ−1π0 = 0; thus Φγ0 ·μ gives rise to a harmonic map
of ﬁnite type. We claim that this harmonic map is precisely φ−:
Let Υμ be the complex extended solution associated to μ. Factorize Υμ according to (3), Υμ = Φb. Fix an Iwasawa
decomposition KC = K B and factorize Υμ according to (2), Υμ = Ψ b˜. Since i) b˜0 takes values in B ⊂ KC , ii) Ψ1 frames ϕ
and ϕ⊥ , that is, ϕ = Ψ1 · ϕ(0) and ϕ⊥ = Ψ1 · ϕ⊥(0), and iii) b0 = Ψ1b˜0 (cf. Section 2.3), we conclude that b0 : C → Gl(n,C)
also frames ϕ and ϕ⊥ , that is, ϕ = b0 · ϕ(0) and ϕ⊥ = b0 · ϕ⊥(0). In particular, ϕ∗[mC]z = Adb0(z)(mC) and
Hom
(
ϕ∗T ,ϕ∗T⊥
)
z = Adb0(z)(m+) Hom
(
ϕ∗T⊥,ϕ∗T
)
z = Adb0(z)(m−) (8)
for each z ∈ C. On the other hand, from (4) and (6) follows that
A′ϕ + A′ϕ⊥ = Adb0(η−d). (9)
Hence, from (8) and (9) we conclude that A′ϕ = Adb0(η+−d) and A′ϕ⊥ = Adb0(η−−d). Thus,
γ = α− ⊕ α = Im A′
ϕ⊥ ⊕ Im A′ϕ ◦ A′ϕ⊥ = ImAdb0
(
η−−d
)⊕ ImAdb0(η+−d) ◦ Adb0(η−−d)= b00.
Taking account of Theorem 3, this establishes the claim.
The result follows now from the fact that φ is just the ﬁrst Gauss bundle of φ− . 
Remark 3. As Eq. (9) clearly shows, if φ : C → Gm(Cn) is an harmonic map of ﬁnite type, then A′φ has no singular points
(points where the rank of A′φ drops).
5. Finite uniton number vs. ﬁnite type
The notions of harmonic map of ﬁnite type and ﬁnite uniton number are fundamentally distinct. To illustrate this we
start by considering the example of harmonic maps from a 2-torus to a complex projective space and then we prove more
generally that any harmonic 2-torus in a compact Riemannian symmetric space which can be obtained via the twistor
construction (such harmonic map certainly has ﬁnite uniton number) is of ﬁnite type if and only if it is constant. For
a Riemann surface M and a Riemannian symmetric space N , we denote by Harm(M,N) the set of all harmonic maps
from M into N , Harmu(M,N) ⊂ Harm(M,N) is the subset of all ﬁnite uniton number harmonic maps, and Harmt(M,N) ⊂
Harm(M,N) is the subset of all ﬁnite type harmonic maps.
Recall the well-known characterization of harmonic maps of ﬁnite uniton number from C into CPn (in CPn and Sn cases,
isotropy of harmonic maps is equivalent to the ﬁniteness of the uniton number):
Theorem 7. (See [14,17,21].) Let φ : C → CPn be a harmonic map. Then φ is of ﬁnite uniton number if and only if φ = G(i)( f ) for some
holomorphic (whence harmonic)map f : C → CPn and some integer i.
The situation for harmonic maps of ﬁnite type is completely different:
Theorem 8. Let φ : C → CPn be a doubly periodic harmonic and T 2 the corresponding torus. If φ ∈ Harmu(T 2,CPn) ∩
Harm f (T 2,CPn) then φ is constant.
Proof. Start by supposing that φ : T 2 → CPn is holomorphic and of ﬁnite type. Then, the corresponding sequence of Gauss
bundles must be ﬁnite: φ−1 = 0, φ = φ0, φ1, . . . , φr, φr+1 = 0 (denoting φi = G(i)( f )). By Theorem 6 each φi is also of ﬁnite
type. Hence, since the canonical line bundle over T 2 is trivial, by Remark 3 we see that each A′φi induces a vector bundle
isomorphism φi → φi+1. Then
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where c1() is the ﬁrst Chern number of the line bundle  over the corresponding torus T 2. By [23] we know that
c1(φi) =
√−1
2π
∫
T 2
(∣∣A′φi−1 ∣∣2 − ∣∣A′φi ∣∣2)dz ∧ dz¯. (11)
It follows now from (10) and (11) that
c1(φ0) = 1
r + 1
r∑
i=0
c1(φi) = 1
r + 1
{√−1
2π
∫
T 2
(∣∣A′φ−1 ∣∣2 − ∣∣A′φr ∣∣2)dz ∧ dz¯
}
= 0
since φ0 is holomorphic (whence |A′φ−1 | = 0) and φr is anti-holomorphic (whence |A′φr | = 0). So
0= c1(φ0) = −
√−1
2π
∫
T 2
∣∣A′φ0 ∣∣2 dz ∧ dz¯ (12)
and we conclude that A′φ0 = 0, i.e. φ = φ0 is constant.
Back to the general case, suppose that φ : T 2 → CPn is simultaneously of ﬁnite type and of ﬁnite uniton number (not
necessarily holomorphic). Being of ﬁnite uniton number, by Theorem 7 there exists some holomorphic map f : T 2 → CPn
such that φ = G( j)( f ) for some j  0; this map f is simultaneously of ﬁnite type (because it is the (−i)th-Gauss bundle of
φ) and of ﬁnite uniton number (because it is holomorphic), hence f must be constant; so φ = f and we are done. 
Hence for a 2-torus T 2 we have:
Harm
(
T 2,CPn
)= Harmt(T 2,CPn)∪Harmu(T 2,CPn),
{constants} = Harmt
(
T 2,CPn
)∩Harmu(T 2,CPn).
Theorem 7 shows that any isotropic harmonic map from C to CPn arise via the twistor construction. More generally, we
have (see [8] for details):
Let gC be a complex semisimple Lie algebra, p ⊂ gC a parabolic subalgebra with height k 2, and g a compact real form
of gC . Let F = G/H be the corresponding generalized ﬂag manifold, and ξ the canonical element of p with respect to g. We
have an eigenspace decomposition gC =∑ki=−k gi where gi is the √−1 i-eigenspace of ad(ξ). The generalized ﬂag manifold
F admits a G-invariant complex structure J1 deﬁned by T 1,0F =∑i>0[gi]. Following [8], we say that a map ψ : M → F is
super-horizontal if dψ(TMC) ⊂ [g1] ⊕ [g−1]. At same time, the k-symmetric structure induces a symmetric decomposition
gC = kC ⊕ mC , where kC =∑g2i and mC = ∑g2i+1. Let τξ be the corresponding inner involution. Taking K = (G)τξ0 , we
get a symmetric space N(F ) = G/K with H ⊂ K . Let p : F → N(F ) be the homogeneous projection p(gH) = p(gK ). In [8],
this map is called the canonical twistor ﬁbration associated to F . The remarkable fact concerning these ﬁbrations is: if M is
a Riemann surface and ψ : M → F is a holomorphic super-horizontal map, then p ◦ ψ : M → N(F ) is harmonic.
Next we describe an important example (which includes the CPn case): Fix in Cn the usual Hermitian inner product. Let
I = {i1 < · · · < ir = n} ⊂ {1, . . . ,n} be a multi-index. A ﬂag of index I is a ﬁltration of Cn by subspaces Vi , V1 ⊂ · · · ⊂ Vr = Cn
with dim V j = i j . We ﬁnd that p = {T ∈ sl(n,C) T V j ⊂ V j ∀ j} is a parabolic subalgebra of sl(n,C) = suC(n). We may deﬁne
mutually orthogonal subspaces E1, . . . , Er by Ei = Vi ∩ V⊥i−1. Then
p ∩ su(n) = {T ∈ su(n) T E j ⊂ E j ∀ j}∼= s(u(i1) × · · · × u(n − ir−1)).
The corresponding generalized ﬂag manifold is therefore
F I = SU (n)/S
(
U (i1) × · · · × U (n − ir−1)
)
. (13)
In this case g1 = ∑Hom(Ei, Ei+1), and J1 is deﬁned by T 1,0F = ∑ j>i Hom(Ei, E j). The symmetric space N(F I ) is the
Grassmannian Gm(Cn) with m = dim∑ E2 j and the canonical ﬁbration is given by
V1 ⊂ · · · ⊂ Vr →
∑
E2 j .
We have the following generalization of Theorem 8:
Theorem 9. Let φ : C → Gm(Cn) be a doubly periodic harmonic map and T 2 the corresponding torus. Suppose that φ has ﬁnite uniton
number. Moreover, suppose that φ is covered by a super-horizontal holomorphic map ψ : T 2 → F I , where F I is the generalized ﬂag
manifold deﬁned by (13). If φ is of ﬁnite type, then φ is constant.
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α0  α1  · · ·  αs ⊂ Cn holomorphic subbundles and Im A′αi ⊂ αi+1 (cf. [8]). Hence the Gauss sequence of φ must be ﬁnite:
0 = φ−r, φ−r+1, . . . , φ, . . . , φl−1, φl = 0, where φi = G(i)(φ). By Theorem 6 each φi is of ﬁnite type. Moreover, each φi is
also covered by some super-horizontal holomorphic map ψi : T 2 → F Ii . If all the bundles φ−r+1, . . . , φ, . . . , φl−1 have the
same dimension, then c1(φ−r+1) = · · · = c1(φ) = · · · = c1(φl−1), where c1(φi) = c1(∧k φ). In this case, since formula (11)
also holds for each c1(φi), the same argument we have used to prove Theorem 8 can be applied here to conclude that φ
must be constant.
Suppose now that the Gauss sequence of φ degenerates, in the sense that 0 < dimφi < dimφ for some i. Hence φi
cannot be constant; then the Gauss sequence associated to φi also degenerates. Iterating this procedure, we will end up
with a non-degenerate Gauss sequence associated to some non-constant ﬁnite type harmonic map which is covered by a
super-horizontal holomorphic map into some F J , and this is a contradiction. Then we conclude that φ must be constant. 
Remark 4. In [3] the author proved that all nil-conformal harmonic maps of a connected Riemann surface M into a complex
Grassmannian Gm(Cn) arise as projections of holomorphic maps into a ﬂag manifold F I . However, we alert the reader to
the fact that the almost complex structure J2 on F I used in [3] is different from J1. In fact, J2 is non-integrable and it is
obtained by reversing the orientation of J1 on the ﬁbres of the canonical projection π : F I → Gm(Cn). Hence, Theorem 9
cannot be applied to all nil-conformal harmonic maps from T 2 to Gm(Cn).
Remark 5. Let φ : T 2 → CP1 be a non-constant holomorphic. Suppose A′φi = dz ⊗ A′φ induces a vector bundle isomorphism
φ → φ⊥ . Then, c1(φ) = c1(φ⊥). At same time, by [9] (Lemma 5.1) c1(φ) = −c1(φ⊥); thus c1(φ) = 0. Applying (12) we see
that in this case φ must be constant, which is a contradiction. So, for any holomorphic map φ : T 2 → CP1, A′φ must have
singular points.
Remark 6. Let φ : T 2 → CPn−1 be a (non-constant) harmonic map of ﬁnite type and α : T 2 → CP1 a (non-constant) holo-
morphic map. Then the harmonic map ψ = φ ⊕ α : T 2 → G2(Cn+2) is neither of ﬁnite type nor of ﬁnite uniton number (if
ψ was of ﬁnite uniton number, φ would be simultaneously of ﬁnite uniton number and ﬁnite type, whence φ would be
constant; ψ cannot be of ﬁnite type since A′ψ = A′φ ⊕ A′α must have singular points (see Remarks 3 and 5).
In terms of loop groups, a harmonic map M → G which is covered by some super-horizontal holomorphic lift corre-
sponds to an S1-invariant extended solution, i.e. an extended solution with values in the conjugacy class of some homomor-
phism S1 → G (cf. [6]). Since G can be totally geodesically embedded in U (n) we conclude that:
Corollary 1. If φ : T 2 → G is a non-constant harmonic map corresponding to a S1-invariant extended solution, φ cannot be of ﬁnite
type.
In particular, since any isotropic harmonic map from C to Sn arises via the twistor construction (i.e. corresponds to a
S1-invariant extended solution) we also have
Harm
(
T 2, Sn
)= Harmt(T 2, Sn)∪Harmu(T 2, Sn),
{constants} = Harmt
(
T 2, Sn
)∩Harmu(T 2, Sn).
6. Harmonic tori in HPn
It was shown in [5] that any non-conformal harmonic map of a 2-torus into a compact rank one symmetric space is of
ﬁnite type. After that, Burstall [4] proved that any weakly conformal non-isotropic harmonic map of a 2-torus into a sphere
or a complex projective space can be lifted to a primitive map of ﬁnite type into a certain k-symmetric space. Combining
these results with Theorem 2.1 of [18] (see also [16]), one conclude that any harmonic map of 2-torus into a sphere or a
complex projective space is of ﬁnite type or of ﬁnite uniton number. Thus a natural question arises: does this remain true
for any other compact rank one symmetric space? As we shall show next, the answer is no in quaternionic projective space
case.
Let H denote the division ring of quaternions. Let j be a unit quaternion with j2 = −1. We have an identiﬁcation
of C2 with H given by making (a,b) ∈ C2 correspond to a + bj ∈ H; we then have a corresponding identiﬁcation of
C2n with Hn . Let J : C2n → C2n be the conjugate linear map given by left multiplication by j : J (z1, z2, . . . , z2n−1, z2n) =
(−z¯2, z¯1, . . . ,−z¯2n, z¯2n−1); then J2 = −Id. We shall regard the quaternionic projective space HPn−1 as the totally geodesic
submanifold of G2(C2n) given by HPn−1 = {V ∈ G2(C2n): V = J V }. Denote by 〈·,·〉 the usual Hermitian product in C2n . The
operator J satisﬁes 〈 J v, J w〉 = 〈w, v〉 for all v,w ∈ C2n , in particular v is perpendicular to J v for all v ∈ C2n .
Consider the smooth doubly periodic map f : C → CP3 (with periods ω1 = π2 , ω2 = i π2 ) deﬁned by f (z, z¯) =
[e2i(z+z¯), ie−2i(z+z¯), e2(z¯−z), e2(z−z¯)]. Let Λ be the lattice generated by ω1,ω2. Then f descends to the torus T 2 = C/Λ and
by simple analysis of the derivatives of f we can conclude that f is full harmonic with isotropy order r = 3 (hence f is a
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Associated to f we have the following diagram:
Note that
v = 1√
8
(
e2i(z+z¯), ie−2i(z+z¯), e2(z¯−z), e2(z−z¯)
)
(14)
provides a global non-vanishing holomorphic section of f such that 〈∂v, J v〉 = 1.
Now we want to construct from f a harmonic map φ : T 2 → HP2 which is neither of ﬁnite type nor of ﬁnite uniton
number. For that we start to state the following two lemmas:
Lemma 3. There is a pair (θ,ϑ) of non-constant meromorphic functions on T 2 = C/Λ satisfying θ ′ = ϑ2 .
Proof. Consider the ℘-function associated to the lattice Λ:
℘(z) = z−2 +
∑
ω∈Λ−{0}
[
(z −ω)−2 −ω−2],
which satisﬁes the differential equation
(℘′)2 = 4℘3 − g2℘ − g3, (15)
where g2 = 60∑ω∈Λ ω−4 and g3 = 140∑ω∈Λ ω−6. By taking the derivative of (15) we deduce that
℘′′ = 6℘2 − g2
2
; (16)
whence
℘′′′ = 12℘′℘. (17)
But g3 = 0 for any square lattice (cf. [15]); then, from (15), (16) and (17) it follows that
(℘′℘′′)′ = (℘′′)2 + ℘′′′℘′ = 84℘4 − 18g2℘2 + g
2
2
4
;
and for λ ∈ C:
(λ℘′ + ℘′℘′′)′ = λ℘′′ + (℘′℘′′)′ = 84︸︷︷︸
a
℘4 + (6λ − 18g2)︸ ︷︷ ︸
b
℘2 + g
2
2
4
− λ g2
2︸ ︷︷ ︸
c
. (18)
Δ = b2 − 4ac is a polynomial of degree 2 in λ, which admits some root λ0 ∈ C. Then we conclude from (18) that (λ0℘′ +
℘′℘′′)′ = (A℘2 + B)2 for some A, B ∈ C, with A = 0; which means that θ = λ0℘′ +℘′℘′′ and ϑ = A℘2 + B are non-constant
meromorphic functions on T 2 satisfying θ ′ = ϑ2. 
Lemma 4. There is a holomorphic line subbundle γ of f ⊕ C2 such that 〈∂u, Ju〉 = 0 for every smooth section u of γ , that is,
π Jγ A′γ = 0.
Proof. Let (θ,ϑ) be a pair of non-constant meromorphic functions on T 2 satisfying θ ′ = ϑ2 and e1, J e1 an orthonormal
basis of C2. Set s1 = ϑv , with v given by (14) s2 = θe1 + J e1 and s = s1 + s2. Then we have:
〈∂s, J s〉 = 〈∂s1 + ∂s2, J s1 + J s2〉 = 〈∂s1, J s1〉 + 〈∂s2, J s2〉
= ϑ2 〈∂v, J v〉︸ ︷︷ ︸
=1
−θ ′ 〈e1, e1〉︸ ︷︷ ︸
=1
= ϑ2 − θ ′ = 0.
Then, the line subbundle γ of f ⊕ C2 generated by s satisﬁes π Jγ A′γ = 0. 
Let δ be the holomorphic line subbundle of C2 generated by s2 = θe1 + J e1. Hence δ is harmonic with Gauss bundles
G(1)(δ) = Jδ, G(2)(δ) = 0. Consider the subbundle of C4 ⊕ C2 given by ψ = f ⊕ δ; this corresponds to an harmonic map
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particular,{
G(1)(ψ) = J f ⊕ Jδ = Jψ,
G(2)(ψ) = J f3 and G(3)(ψ) = f3.
The line bundle γ is clearly holomorphic in ψ . Let α be the orthogonal complement of γ in ψ , that is ψ = γ ⊕α. Then we
can construct the following diagram:
From this diagram we see that φ = α ⊕ Jα : T 2 → HP2 is a harmonic map obtained by adding the uniton γ ⊕ Jα to ψ . So,
from Lemma 2 we conclude that φ is neither of ﬁnite type nor of ﬁnite uniton number.
The example we have found above shows that the theory of harmonic 2-tori in HPn is far more complicated then that
of harmonic 2-tori in CPn or Sn . Here we shall recall some results due to Udagawa: in [20], the author showed that any
harmonic map from the 2-torus into HPn of odd isotropy order is covered by a primitive map of ﬁnite type into some
k-symmetric space; the same happens with the harmonic maps of even isotropy order and non-singular ﬁrst return map;
thus, considering the results of [18] (see also [16]), a considerable class of harmonic maps of ﬁnite type from the 2-torus
into HPn have already been detected; moreover, for n = 2,3, Udagawa showed that any harmonic map φ : T 2 → HPn is of
ﬁnite uniton number, ﬁnite type or is obtained from some harmonic map of ﬁnite type into a Grassmannian after adding a
ﬁnite number of unitons. The problem of classifying all harmonic 2-tori in HPn remains open for n > 3.
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